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Abstract
Kepler’s laws are deduced from those valid for a harmonic oscillator, following the ap-
proach of Bohlin, Levi-Civita and Arnold.
1 Introduction
Kepler’s laws of planetary motion state that
1. K-I: A planet moves on an ellipse, one of whose foci being occupied by the sun;
2. K-II: The vector drawn from the sun to the planet’s position sweeps equal areas in equal
times
3. K-III: The squares of the periods are as the cubes of the major axes of the ellipses.
These laws can be deduced from the inverse-square force law and Newton’s equations of
motion; the proof requires higher mathematics, though [1].
Analogous statements can be demonstrated using elementary tools for a harmonic oscillator,
1. O-I: The trajectory under a harmonic force is an ellipse, whose centre is the origin of the
linear force;
2. O-II: the vector drawn form the centre of the ellipse to the position sweeps equal areas in
equal times;
3. O-I: The periods are independent of the geometric shape of the trajectories.
The similarities are manifest, but neither the differences can be overlooked.
This note is intended to deduce the Kepler laws from those of the oscillator listed above.
This aim will be achieved by elaborating the rather concise indications given by Arnold [2],
whose origin goes back to work of Bohlin [3] and of Levi-Civita [5] at the beginning of the 20th
century.
The relation between Keplerian and harmonic motion is first established for circular trajec-
tories.
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The second step is to present a purely geometric correspondence due to Zhukovsky [4] between
two types of ellipses, namely those which appear for an oscillator and for planetary motion,
respectively.
The third step is to extend this purely geometrical correspondence, to a dynamical one. This
can be achieved by a rather subtle re-definition of time, better viewed as that of a parameter
along the trajectory.
2 Circular motions
Let us consider the Kepler problem in the complex plane, with the sun fixed at the origin. The
motion of our planetary is determined by
z¨ = −fM z|z|3 , (2.1)
where the “dot” means derivation w.r.t. newtonian time, ˙{( · )} = d
dt
. Our aim is to solve eqn.
(2.1), i.e., to recover the usual elliptic Keplerian trajectories.
We start our investigations with a (very) special case, namely with motion along the unit
circle. The latter can be parametrized with the angle θ, z(t) = eiθ(t). Then (2.1) requires
iθ¨ −
(
θ˙
)2
= −fM. (2.2)
From the vanishing of the imaginary part we infer that the motion is uniform along the circle,
θ¨ = 0, and from the real part we deduce the angular velocity, θ˙ =
√
fM.
It is important to note that the trajectory studied here can also be viewed as that of a
harmonic oscillator, constrained on the unit circle. Again using a complex coordinate, w, the
equation of motion of the planar oscillator are
w′′ = −Ω2w, (2.3)
where Ω is the frequency of the oscillator and the “prime” denotes derivation w.r.t. “oscillator
time”, ( · )′ = ddτ . Then the constraint |w| = 1 i.e., w = eiγ(τ) plainly yields (2.2) once again,
provided fM is identified with Ω2, the angle θ with γ, and t-with τ .
If instead the trajectory is a circle of radius A, then the angular velocity is θ˙ =
√
fM/A3 = Ω
and the planet-problem is equivalent to oscillator motion with a radius-dependent frequency Ω.
Below we extend this correspondence to general motions.
3 The planar oscillator
The motions of a planar oscillator are readily determined. Decomposing (2.3) into real and
imaginary parts, we observe that the latter perform independent harmonic motion. With an
appropriate choice of the parameters,
w(τ) = a cos Ωτ + ib sin Ωτ. (3.1)
Thus w(τ) describes an ellipse, whose centre is at the origin and has major and minor axes a
and b, respectively.
The areal velocity is (as well-known) half of the conserved angular momentum,
Iosc = |w|2 dγ
dτ
= const (3.2)
2
Lastly the period,
Tosc =
2pi
Ω
, (3.3)
is independent of the geometrical data of the orbit, as stated.
In conclusion, we have proved the “Kepler” laws O-I – O-II – O-III of the oscillator-motion.
We record for further use the expression for the (conserved) energy in terms of the geometric
data of the trajectory,
Eosc = 12
(
|w′|2 + Ω2|w|2
)
= 1
2
Ω2(a2 + b2). (3.4)
4 Some (complex) geometry [2]
Let u denote a complex variable and let us consider the so-called “Zhukovsky-map” of the
complex plane,
u 7→ w = u+ 1
u
. (4.1)
Lemma 1. The image of a circle whose centre is the origin of the u-plane is an ellipse, whose
centre is the origin of the w-plane. The foci of the ellipse are at the points ±2.
The proof is trivial: if u = ρeiφ, then
w =
(
ρ+
1
ρ
)
cosφ+ i
(
ρ− 1
ρ
)
sinφ, (4.2)
which is the equation of an ellipse centered at the origin w = 0 and with major and minor axes
a = ρ + ρ−1 and b = ρ − ρ−1, respectively. For ρ = 1 the figure degenerates into the segment
[−1, 1] on the real axis. The distance of the foci from the centre is c = √a2 − b2 = ±2. We also
record that the angles φ and γ = argw are related as tan γ = ρ
2−1
ρ2+1
tanφ.
If the radius of the u-circle is changed from ρ to ρ−1, then the image describes the same
ellipse reflected on the real axis. We can, therefore, chose ρ > 1, i.e., to restrict the mapping
u 7→ w to the exterior of the unit circle.
Let us now consider, following Levi-Civita [5] the mapping of the w plane onto the z-plane
w 7→ z = w2. (4.3)
Lemma 2. The image under (4.3) of the previously constructed w-ellipse is an ellipse in the
z-plane, whose focus is the origin of the z-plane. Conversely, each ellipse of the z-plane with
one focus at the origin is obtained as the square of an ellipse, whose centre is the origin of the
w-plane.
This follows from
z = w2 = u2 +
1
u2
+ 2. (4.4)
But for u = ρeiφ u2 = ρ2ei2φ, and replacing ρ by ρ2 in (4.2) yields, once again, an ellipse whose
axes are A = ρ2 + ρ−2, and B = ρ2 − ρ−2, and is shifted by 2 units to the right.
While u goes around once along the original circle, w also describes once the ellipse, whose
centre is the origin w = 0. z however, describes twice its ellipse, whose focus is at z = 0. In
other words, the mapping w 7→ z is 2 : 1. Therefore, while w describes half of an ellipse, z will
describe the full image-ellipse. The z-perihelion and aphelion points are the images of the end
points of the minor and resp. major axes in the w-figure. It is worth noting that every ellipse
centered at the origin can be obtained by a suitable rotation and dilation of the one considered
here.
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Figure 1: While u describes the unit circle of the complex plane, w = u + u−1 moves on an
ellipse centered at the origin of the w-plane, and z = w2 another ellipse one of whose foci is the
origin of the z-plane.
5 The oscillator - Kepler correspondence
The geometric construction of the previous section, and eqn. (4.3) in particular, swaps oscillator
trajectories with Keplerian ones. One can wonder if the correspondence can be extended also
to the dynamics. At first sight, the answer seems to be negative: differentiating z = w2 w.r.t.
time and using the eqn. of motion (2.3) of w yields a rather complicated expression which is
manifestly different from (2.1). This mismatch is also seen by expressing the areal velocity [half
of the angular momentum] derived using that of the oscillator,
Ip = |z|2θ′ = 2|z|Iosc (5.1)
[where we used θ = 2γ], which can not be a constant of the motion therefore, unless |z(t)| is a
constant i.e., with the exception of circular trajectories. In other words, Kepler’s 2nd law is not
in general satisfied.
But, eqn. (5.1) shows also the way to resolve the contradiction: time, or more precisely
the affine parameter used along the trajectories, should be redefined. Let us indeed consider an
arbitrary oscillator-motion w(τ), and define the new “time” along the trajectory as
t =
∫
|w(τ)|2dτ =⇒ d
dt
=
1
|w(τ)|2
d
dτ
(5.2)
i.e., ˙( · ) = |w|−2( · )′. Then, using (2.3),
z¨ =
1
ww¯
d
dτ
(
1
ww¯
d
dτ
w2
)
= −2
(
|w′|2 + Ω2|w|2
) 1
ww¯3
= −4Eosc|w|6 w
2. (5.3)
Here Eosc is the oscillator-energy in eqn. (3.4), which remains a constant along the trajectory.
Then, inserting z for w2 yields eqn. (2.1) of planetary motion with the identification
4Eosc = fM. (5.4)
Hence, to each oscillator-trajectory is associated a Keplerian trajectory, whose gravitational
force is four times the oscillator-energy, and vice versa. The inverse of (4.3-5.2)
w =
√
z,
d
dτ
=
√
zz¯
d
dt
=⇒ w′′ = 1
2
(
1
2
|z˙|2 − fM|z|
)
w, (5.5)
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which is the eqn of motion of an oscillator, whose frequency is proportional to the energy of the
Keplerian trajectory,
w′′ = −Ω2w, Ω2 = −1
2
Ep, Ep =
1
2
|z˙|2 − fM|z| = −
fM
2A
, (5.6)
where A denotes the major axis of the Keplerian ellipse.
Let us stress that the transformation is defined along trajectories only: (5.5) associates a
different oscillator to each Keplerian orbit.
6 Derivation of the Kepler laws
Now we derive the Kepler laws, KI-II-III, from those, OI-II-III, of the oscillator.
Firstly, the Keplerian orbits as images of the oscillator orbits, satisfy KI.
Secondly,
Ip = |z|2dθ
dt
= |w|2d(2γ)
dτ
= 2Iosc, (6.1)
so that the areal velocity of the planet, 1
2
Ip, is itself a constant of the motion; this is KII.
Finally, let denote Tp and Tosc the periods of the Keplerian resp. oscillator motions. From
the conservation of the areal velocities, piab = 1
2
IoscTosc, piAB = 12IpTp, since the area of an
ellipse is pi-times the product of its two axes. Then, using Tosc = 2pi/Ω,
Tp = pi
(
AB
ab
)
1
Ω
.
As seen in Sect. 4, a = ρ+ρ−1, b = ρ−ρ−1 and therefore ab = ρ2−ρ−2 = B; hence AB/ab = A.
But a2 + b2 = 2(ρ2 + ρ−2) = 2A. Then from the expression (3.4) for the energy of an oscillator-
ellipse we infer, using (5.4), that the frequency of a Keplerian trajectory with major axis A has
frequency
Ω =
√
Eosc
A
=
√
fM
4A
. (6.2)
The Keplerian period is,
Tp = 2pi
√
A3
fM
(6.3)
cf. [1], which plainly implies Kepler’s III. law.
In the special case considered in Sec. 2, i.e., when the trajectory is the unit circle, t = τ , z =
w2 = ei2Ωt, and the two types of trajectories are the same.
7 Scattered motions
The formula for the (negative) total energy of planetary motion in (5.6) is only valid for bound
(elliptic) motions; for unbound (parabolic or hyperbolic) motions, the energy is zero resp. pos-
itive. Our oscillator-planet correspondence can be extended to these motions, and in fact also
to those observed in Rutherford’s celebrated experiment with repulsive interaction.
Let us outline how this comes about. Let us start with the geometry. We use again the
sequence
u 7→ w = u+ u−1 7→ z = w2;
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Figure 2: The image of a straight line through the origin of the u-plane is a Zhukovsky hyperbola,
whose centre is at the origin of the w-plane. Squaring the latter provides us with a hyperbola in
the z-plane, one of whose foci is z = 0.
the only difference with the previous case is that the variable u now describes, instead of the
unit circle as on Fig.1, a straight line through the origin, as shown on Fig. 2. Let us indeed
write u = ρ eiφ0 ; then w is again (4.2),
w =
(
ρ+
1
ρ
)
cosφ0 + i
(
ρ− 1
ρ
)
sinφ0 (7.1)
but now it is ρ which varies (from −∞ to ∞), whereas the angle is kept fixed, φ0 = const .
Then from (ρ + ρ−1)2 − (ρ − ρ−1)2 = 4, we now infer, (assuming that φ0 6= 0, pi, that (7.1) is
a hyperbola with real and imaginary axis a = |2 cosφ0| and b = |2 sinφ0| respectively. The foci
are, once again, at the points ±2, because a2 + b2 = 4. If φ0 = 0, then w describes two half-lines
(x ≥ 2 resp. x ≤ −2) of the real axis; for φ0 = pi/2 we get the imaginary axis.
When 0 < φ0 < pi/2, then, for ρ > 0 we get the right branch of the hyperbola, and for ρ < 0
we get its left branch. Letting φ0 run between pi/2 and pi would yield once again the same figure,
but in the opposite order. It is therefore enough to take φ0 in the open interval (0, pi/2).
The square of the Zhukovsky hyperbola is, once again, (4.4), i.e.,
z =
(
ρ2 +
1
ρ2
)
cos 2φ0 + 2 + i
(
ρ2 − 1
ρ2
)
sin 2φ0, (7.2)
but this is now a hyperbola with real and resp. imaginary axis A = |2 cos 2φ0| and B = |2 sin 2φ0|,
whose left focus is at the origin.
If φ0 varies from zero to pi/4 then Re(z) ≥ 2, because ρ2 ≥ 0. Thus, while w describes
both branches of a Zhukovsky-hyperbola, z describes the right-hand branch of the hyperbola
whose focus is the z-origin. Changing φ0 from zero to pi/4 provides us with increasingly open
right-hand-side hyperbolas in the z-plane. Choosing φ0 between pi/4 and pi/2 yields instead the
left-branches Re(z) ≤ 2 of the hyperbolas in the z-plane, which become more and more narrow
and degenerate on the segment (−∞, 0) of the real axis.
As we show it below, the latter are precisely the trajectories of the repulsive Coulomb
problem, and of comets, respectively. We emphasize that, in both cases, only one branch is
obtained. The change of branch-type happens when the real axis of the Zhukovsky hyperbola
becomes shorter as the imaginary one. For φ0 = pi/4 we have a = b.
Since the image does depend on the sign of ρ, the mapping is 2 : 1. Conversely, any
point of the z-plane has two antecedents, which differ by their signs. The antecedent of both
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branches of any of our z = 0-focused hyperbolas is therefore composed of two full two-branched
w-hyperbolas.
The oscillator-Kepler transformation, extended to the dynamics, (4.3-5.2) resp. (5.5), is
formally the same as so far, except that for positive energy the oscillator-frequency (5.6) is
imaginary, Ω2 < 0. In other words, the linear potential is repulsive (called an inverted oscillator).
The latter has eqn. of motion, whose solution is a “Zhukovsky-hyperbola with its centre at the
origin,
w′′ = |Ω|2w =⇒ w(τ) = a cosh |Ω|τ + ib sinh |Ω|τ. (7.3)
The potential energy is negative, − 1
2
|Ω|2|w|2. Therefore the total energy,
Eosc = 12
(
|w′|2 − |Ω|2|w|2
)
= 1
2
|Ω|2(−a2 + b2) (7.4)
[cf. (3.4)] can be either positive or negative, depending on if the imaginary or the real axis is
longer.
Turning to the dynamics, our investigations in Sec. 5 are still valid, and still yield motion
with inverse-square force law.
When the oscillator-energy is positive, the Kepler problem with fM = Eosc > 0 is obtained,
with a hyperbolic trajectory. Eosc > 0 means that the imaginary axis is the longer one, b > a.
Then, as seen before, the image, in the z-plane, of the “Zhukovsky-ellipse” is the left-hand side
branch i.e. the one which turns towards the sun. This is what happens for most non-periodic
comets observed in the solar system.
What is the use of “oscillator” motions with negative energy ? The eqn. of motion in this
case,
z¨ =
(−Eosc)
|z|3 z (7.5)
cf. (5.3), describes the motion with a repulsive inverse-square force, as in the Rutherford ex-
periment, when light α-particles with positive charge q > 0 are scattered on a heavy atomic
nucleus with positive charge Q > 0. The interaction is repulsive, described by (7.5), with the
correspondence
− 4Eosc = qQ. (7.6)
As we have seen, negative oscillator-energy corresponds to the case when the real axis is
the longer one. Then the image of the Zhukovsky-hyperbola is the right-hand branch of the
z-hyperbola, i.e., the one which turns away from the nucleus.
Conversely, since the energy is always positive for the repulsive inverse-square force,
ECoulomb =
1
2
|z˙|2 + qQ|z| > 0 (7.7)
the inverse transformation (5.5) associates to the Coulomb-Rutherford problem a repulsive linear
system, whose (imaginary) frequency is determined by the Coulomb-energy (7.7).
Let us consider parabolic Kepler motions, which are again possible cometary trajectories, as
first recognized by Newton for the comet of 1680 in his Principia [6].
Parabolic orbits have vanishing energy; their associated “oscillator-frequency” is therefore
Ω = 0 by (5.6) : w moves freely, along a straight line. If the motion does not go through the
origin, then one can achieve with a suitable dilation and rotation that trajectory be w = i+ τ .
Then
z = w2 = (τ2 − 1) + 2τi (7.8)
is the equation of a “horizontally lying” parabola, as seen from y2 = 4x+ 4. The vertex of the
parabola is at (−1) and its focus at the origin z = 0. If our straight line does go through the
origin, its image degenerates into a half-line.
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8 Discussion
The correspondence between a harmonic oscillator and the Kepler problem, suggested by Arnold
[2] following Bohlin [3] and Levi-Civita [5] allowed us to deduce the Kepler laws of planetary
motion from those, much simpler, of an oscillator. Let us stress that the key element of this
correspondence, namely the redefinition (5.2) of the parameter along each trajectory, dictated
by the comparison (6.1) of the respective areal velocities, is not a genuine transformation of
time, viewed as a classical, absolute variable.
We have also extended the correspondence to scattered motions as for [non-periodic] comets,
and in the Rutherford experiment.
We mention, lastly, that the oscillator/Kepler relation studied here can be generalized to
“dual” potentials using the theory of conformal mappings [2].
Note added in 2014: translated from a paper published in 2004 [7]. The author is indebted to
Gary Gibbons for a careful reading and for discussions.
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